Abstract. In this paper we give new, improved explicit upper bounds for the absolute values of the integer solutions and for the heights of S-integer solutions of elliptic equations over Q.
Introduction
The first general effective bound for the integral solutions of elliptic equations was established by A. Baker [2] . In proving his result he deduced the problem to give a bound for the integral solutions of quartic Thue-equations. Then he used his effective bound for the solutions of Thue-equations (cf. [1] ) which was obtained by means of his famous method concerning linear forms in logarithms. Later, Baker's bound on the solutions of elliptic equations has been improved and generalized by several authors, for references see eg. [3] , [4] , [15] , [16] and [5] . The best known bounds for the integral solutions and S-integral solutions of elliptic equations are due to Y. Bugeaud [5] . However, his result is valid in a more general context, for the integral and S-integral solutions of superelliptic equations over number fields. In its proof the author followed an approach different from that of Baker mentioned above.
The aim of this paper is to considerably improve the previous estimates concerning the solutions of elliptic equations over Q. In our paper we will use an extension of Baker's approach to the case of S-integral solutions. Generalizing a classical result of Mordell, we reduce the problem of estimating the S-integral solutions to a quartic Thue-Mahler equation. Then the use of the best known bounds, due to Bugeaud and Győry [6] and Győry [9] on Thue-Mahler equations enables us to derive sharper bounds for the S-integral solutions of elliptic equations (cf. Theorem 2). In particular, we give a bound for the rational integral solutions, too (cf. Theorem 1). In contrast to the previous estimates, our bounds are explicitly given in terms of each parameter.
Recently, J. Gebel, A. Pethő and H. G. Zimmer [8] and R. J. Stroeker and N. Tzanakis [17] elaborated efficient algorithms for solving elliptic equations in rational integers. Our improved and completely explicit bounds might be useful in extending these algorithms for determining S-integral solutions.
Notation
Let F (x, y) = a 0 x 4 + 4a 1 x 3 y + 6a 2 x 2 y 2 + 4a 3 xy 3 + a 4 y 4 be a binary quartic form with a i ∈ Z for 0 ≤ i ≤ 4. By the invariants of F we mean the following expressions
The quartic covariant H F and the sextic covariant G F of F are defined by
It is well known (cf. e.g. [13] , Chapter 25, Theorem 1) that
Let f ∈ Z[x] be a polynomial. By the height of f we mean the maximum of the absolute values of the coefficients of f , and we denote it by H(f ). The discriminant of f will be denoted by ∆ f .
If S = {p 1 , . . . , p t } is a set of rational primes, then the rational number α is called an S-integer, if all the prime divisors of the denominator of α belong to S. The set of S-integers will be denoted by Z S . If in particular S = ∅ (i.e. t = 0), then Z S coincides with Z.
By the height h(α) of a rational number α = a/b with a, b ∈ Z, (a, b) = 1, we mean max(|a|, |b|).
Throughout the paper we set log * (r) = max{log(r), 1} for r ∈ R with r > 0.
Results
Theorem 1. Let f (x) = x 3 + ax + b be a polynomial with coefficients in Z and with nonzero discriminant ∆ f . Then all solutions (x, y) ∈ Z 2 of the equation
Theorem 2. Let S = {p 1 , . . . , p t } be a set of rational primes, and put P = max{p 1 , . . . , p t }. All solutions (x, y) ∈ Z 2 S of (1) satisfy
where c 1 and c 2 are the same constants as in Theorem 1.
Remark. The formerly known best result concerning the solutions of (1) in Z and Z S , respectively, is due to Y. Bugeaud [5] . His result is more general, that is he considered (1) over a number field K. Using the above notation, in the case K = Q his estimate yields
where c(t) is an effective constant depending only on t; however, this constant is not explicitely given in [5] . We mention that if t = 0, then in some special cases the estimate ofÁ. Pintér [14] gives a better bound than our Theorem 1.
Proofs of the Theorems
For the proof of Theorem 1 we need two lemmas.
2 be a solution of (1). Then there exists a binary quartic form F (x,y) (u, v) with rational integer coefficients and with height and discriminant
respectively, such that if the equation
Proof. This result is proved in [2] , p. 8.
Lemma 2. Let F (x, y) ∈ Z[x, y] denote a binary quartic form with nonzero discriminant ∆ F and with height not exceeding H. Then the solutions (x, y) ∈ Z 2 of the equation
where
Proof. If F is irreducible over Q, then using an estimate concerning the regulator of a number field (see [10] , Lemma 6.5), Lemma 2 follows from Theorem 3 of [6] . If F is not irreducible, then F has a factorization of the type F (x, y) = F 1 (x, y)F 2 (x, y) over Z, and here max{H(F 1 ), H(F 2 )} ≤ 4 √ 5H(F ). (For the case deg F 1 = deg F 2 = 2, cf. [11] , Chapter 7; the other case can be treated easily.) Hence we have the following system of equations:
Taking the resultant, we can obtain a much better estimate for the absolute values of x and y than stated above, and Lemma 2 follows.
Proof of Theorem 1. Simply combining the estimates of Lemma 1 and Lemma 2, we obtain max{|x|, |y|} ≤ exp{log(70) + 4 · log(c 2 ) + 4 · 10 64 c 1 log(c 1 )(c 1 + log(c 2 ))} , and Theorem 1 follows.
To prove Theorem 2, we will use three lemmas. The following Lemma 4 in fact is a theorem of Mordell, cf. [12] or [13] . As usual, the binary quartic forms F 1 (x, y) and F 2 (x , y ) with integer coefficients are called equivalent, if there exist u 1 , u 2 , u 3 , u 4 ∈ Z such that x = u 1 x + u 2 y , y = u 3 x + u 4 y and u 1 u 4 − u 2 u 3 = ±1. We mention that the above defined invariants and covariants of the quartic forms are invariant under this equivalence (cf. [7] ).
Lemma 3. Let F(x,y) denote the binary quartic form
with rational integers a 0 = 0, a 1 , a 2 , a 3 , a 4 and with invariants g 2 (F ) and g 3 (F ).
2 ) of F is nonzero. Then there exists a binary quartic form F , which is equivalent to F , with height
Proof. This assertion is proved in section 2 of [2] .
Lemma 4. Let (X, Y, Z) ∈ Z 3 be a solution of the equation
and suppose that gcd(X, Z) = 1. Then there exists a binary quartic form F (p, q) such that for some p, q ∈ Z we have
Proof. This is Theorem 2 of Mordell [13] (page 233).
Lemma 5. Let S be a set of distinct rational primes p 1 , . . . , p t not exceeding P and let F (x, y) ∈ Z[x, y] be a binary quartic form with height at most H and with nonzero discriminant ∆ F . Let b ∈ Q with height at most B ≥ e. All solutions of the Thue-Mahler equation with gcd(x, y, p 1 , . . . , p t ) = 1, z 1 , . . . , z t ≥ 0 satisfy max{|x|, |y|, p
where E 3 has the same meaning as in Lemma 2.
Proof. If F is irreducible over Q, then Lemma 5 follows from Theorem 4 of [6] . If F is not irreducible but has an irreducible factor F 1 (over Q) of degree 3, then one can use again Theorem 4 of [6] to get a much better estimate. If F is reducible, and has no irreducible factor of degree 3, then the degree of the splitting field of F is at most 4, and by using Corollary 1 of [9] we can obtain a better bound for the heights of the solutions than stated above, and Lemma 5 follows.
Proof of Theorem 2. Let (x, y) ∈ Z 2 S be an arbitrary solution of (1). We show that there exist integers X, Y and u such that gcd(XY, u) = 1, the prime divisors of u belong to S, and x = X/u 2 , y = Y /u 3 . Indeed, put x = X 1 /(u 1 u 2 ), where u 1 is square-free with gcd(X 1 , u 1 u) = 1, and put y = Y 1 /v with gcd(Y 1 , v) = 1. Now we have (2) Y
